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ABSTRACT

Recent discounted-to-nonconvex analyses of Adam establish convergence guar-
antees by bounding the discounted regret of an associated online learner. How-
ever, these analyses typically remove Adam’s original bias-correction factors by
absorbing them into the learning-rate schedule or clipping radius, and therefore
prove guarantees for a reparameterized update. To accurately understand its con-
vergence behavior, we analyze clipped Adam while retaining the original bias
correction in this paper. The key difficulty is that bias correction introduces non-
monotone time-dependent coefficients into the regret analysis: the relevant coeffi-
cient sequence first decreases and then increases, forming a single-valley structure.
Under standard stochastic cost-vector assumptions and the mild parameter cou-
pling, we prove that the effective step sizes remain automatically monotone and
develop a summation argument showing that the transient valley cost is controlled
by sufficiently many post-valley terms. The resulting discounted-regret guaran-
tees match the known 1/

√
1− β1 dependence of analyses without retained bias

correction, and hence preserve Adam’s original bias-corrected parameterization
without worsening the regret order.

1 INTRODUCTION

Adam (Kingma, 2014) and its variants are among the most popular optimizers for modern neural-
network training Devlin (2018); Radford et al. (2019); Bommasani et al. (2021); Touvron et al.
(2023); Team et al. (2023). Despite Adam’s empirical dominance over stochastic gradient descent
(SGD) across diverse applications, a complete theoretical understanding that reconciles Adam’s
practical implementation with its performance guarantees remains elusive (Li et al., 2024; Wang
et al., 2024).

Recent theoretical advances in the discounted-to-nonconvex conversion (DTNC) frame-
work (Cutkosky et al., 2023; Zhang & Cutkosky, 2024; Ahn & Cutkosky, 2024; Ahn et al., 2024b)
established a principled connection between adaptive optimization and online learning. This line
of work shows that effective nonconvex optimizers correspond to online learners that achieve small
discounted regret, thereby providing a unified lens for analyzing optimization dynamics. This view-
point explains why Adam’s component design is effective from the perspective of classical FTRL-
type online learners (Orabona & Pál, 2018), and the corresponding regret analysis yields optimal
non-smooth non-convex guarantees for clipped Adam-type algorithms.

Classical convergence analyses that often obtain guarantees only after imposing restrictive hyperpa-
rameter schedules, such as exponentially decaying second-moment parameters, omitting or simpli-
fying bias correction, or retaining the original correction terms at the cost of degraded rates (Reddi
et al., 2019; Défossez et al., 2020; Zhang et al., 2022; Li et al., 2023; Wang et al., 2023a; Hong
& Lin, 2024; Jin et al., 2024); existing regret analyses likewise either impose restrictive parame-
ter coupling (Ahn & Cutkosky, 2024) or absorb the bias-correction factors into an effective scalar
schedule (Nguyen, 2025; Ahn & Cutkosky, 2024). This absorption changes the schedule parameter-
ization, so the analysis in fact applies to a nearby Adam variant rather than the exact bias-corrected
update. To achieve a more accurate analysis and understand the behavior, we therefore ask whether
bias correction can be retained explicitly in the standard clipped DTNC setting.

We answer this question by proving pointwise and cumulative discounted-regret bounds for clipped,
bias-corrected Adam. Retaining bias correction introduces two challenges: the effective step sizes
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are not obviously monotone, and a key Abel-summation coefficient becomes a single valley rather
than monotone. We first show that, despite the nonmonotone bias-correction factor, the effective step
sizes remain monotone under mild parameter coupling. We then show that the remaining nonmono-
tonicity has a controlled structure: over a sufficiently long horizon, the post-valley terms absorb the
the cost of passing this valley. Consequently, our regret theorem obtains the same 1/

√
1− β1 depen-

dence as prior analyses that remove bias correction. Combined with the discounted-to-nonconvex
conversion, our regret bounds yield the optimal nonconvex stationarity guarantee, and the standard
vector-to-coordinate-wise conversion gives the corresponding coordinate-wise clipped Adam con-
sequence.

2 RELATED WORK

Convergence and adaptivity analyses of Adam. A large body of work studies Adam and its
variants through direct descent, stability, or stationarity arguments in convex, smooth non-convex,
and generalized-smooth settings (Reddi et al., 2019; Zhou et al., 2018; Défossez et al., 2020; Zhang
et al., 2022; Li et al., 2023; Wang et al., 2023a; Hong & Lin, 2024; Jin et al., 2024). These analyses
answer when Adam-type methods converge and what rates they obtain under their own assumptions.
Many of them, however, simplify the practical recursion or use restrictive regimes, such as modified
adaptive updates, time-varying second-moment schedules, omitted or absorbed bias correction, or
correction terms that are retained only with worse rates. Several results also clarify why adaptive
methods can be preferable to SGD rather than merely matching its worst-case rates. Gradient clip-
ping, AdaGrad, Adam/RMSProp variants, and generalized sign methods have been shown to handle
structured or generalized-smooth geometries in which fixed-schedule SGD may be slow or unsta-
ble (Zhang et al., 2019; Wang et al., 2023b; Zhang et al., 2024; Li et al., 2023; Crawshaw et al.,
2022). Within the DTNC line, Ahn & Cutkosky (2024) further show that Adam-type adaptivity can
yield better problem-dependent guarantees when relevant problem parameters are unknown.

Online learning and discounted regret. The closest line to this work connects non-convex opti-
mization with online learning through discounted-to-nonconvex conversion (Cutkosky et al., 2023;
Zhang & Cutkosky, 2024). In this framework, an optimizer is analyzed as an online learner, and
discounted regret controls the stationarity guarantee after conversion. Adam-style updates arise nat-
urally from FTRL-type online learners (Orabona & Pál, 2018; Ahn et al., 2024b), which makes the
roles of momentum, discounting, and adaptive scaling explicit. Ahn & Cutkosky (2024) use this per-
spective to obtain optimal non-smooth non-convex guarantees for clipped Adam with model EMA,
but their regret analysis relies on a restrictive momentum coupling and removes bias correction.
Nguyen (2025) substantially relaxes the coupling requirement, but still absorbs bias correction into
the scalar learning rate.

3 BACKGROUND AND PRELIMINARIES

We first briefly introduce fundamental concepts of online learning and essential definitions of regret,
which underpin our analysis, then formulate Adam as an online learner.

Online learning and discounted-to-nonconvex conversion. Online Linear Optimization (OLO)
is the following sequential decision protocol: at round t out of T total rounds, the online learner
selects an action zt ∈ Rd and then receives a linear loss ℓt(·) := ⟨vt, ·⟩, where vt ∈ Rd is a
cost vector revealed by the environment. The learner aims to minimize static regret, defined as the
cumulative difference between the learner’s losses and those of an arbitrary comparator u ∈ D ⊆
Rd: RegretT (u) :=

∑T
t=1⟨vt, zt − u⟩. In this work, we specifically focus on a bounded domain

scenario, where D is the d-dimensional L2-ball with radius D. Then, we introduce the concept of
β-discounted static regret, essential to our framework. Given an algorithm that discounts the loss by
βT−t at round t out of T total rounds, i.e., ℓ[β]t (·) = βT−tℓt(·), the associated β-discounted regret
is defined as: Regret[β]T (u) :=

∑T
t=1⟨βT−tvt, zt − u⟩. For further details about online learning,

readers may refer to Orabona (2019); Cutkosky et al. (2023).

A recent advance in optimization research is the discounted-to-nonconvex conversion framework
(Ahn & Cutkosky (2024, Lemma 7) and Ahn et al. (2024a, Lemma 1)), which connects the dis-
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counted regret of an associated online learner to stationarity guarantees in (non-smooth/smooth)
non-convex optimization. At a high level, these results show that the expected norm of the gra-
dient produced by the conversion algorithm can be controlled by a combination of optimiza-
tion error terms and discounted regret. Concretely, one obtains bounds of the generic form

Et∼[T ]

∥∥Eyt
∇F (yt)

∥∥ ≲ 1
DT

[
β E
[
Regret

[β]
T (uT )

]
+ (1− β)

∑T
t=1 E

[
Regret

[β]
t (ut)

]]
,

where yt is sampled from the parameter iterates (see Appendix I). Hence, a tight discounted regret
bound translates directly into the main term in the non-convex convergence guarantee.

Given our focus on studying the stochastic optimization method Adam through the online learning
techniques, regarding the cost vectors, we make assumptions corresponding to the standard assump-
tions in non-smooth non-convex stochastic optimization (Cutkosky et al., 2023; Ahn & Cutkosky,
2024; Zhang et al., 2020; Jordan et al., 2023), summarized as Assumption 3.1.
Assumption 3.1. For each t ∈ [T ], let vt ∈ Rd denote a stochastic cost vector. Let µt := E[vt].
Assume the following conditions hold: (1) Bounded mean: The mean vector satisfies ∥µt∥ ≤ G.
(2) Bounded variance: E

[
∥vt − µt∥2

]
≤ σ2.

The bounded mean corresponds, under the stochastic-optimization interpretation µt = ∇F (xt), to
the standard bounded-gradient condition. For differentiable objectives, this is the Lipschitz-function
assumption commonly used in non-smooth non-convex optimization. It is complementary to, and
not implied by, the usual Lipschitz-gradient (smoothness) assumption.

3.1 ADAM AS AN ONLINE LEARNER

We present the clipped bias-corrected Adam update in the form of online learning. The increment
zt at step t is given by:

zt = argmin
z∈D

{
∥z∥2

2αt
+

t−1∑
s=1

⟨β−s
1 vs, z⟩

}
= clipD

(
−αt

t−1∑
s=1

β−s
1 vs

)
,

where αt := ηt
(1−β1)β

t−1
1

(1−βt−1
1 )(

√
bt+ϵ)

, bt := 1−β2

1−βt−1
2

∑t−1
s=1 β

t−1−s
2 ∥vs∥2, and clipD(z) :=

z
∥z∥ min(D, ∥z∥) with clipD(0) = 0. At t = 1 the history is empty, so z1 = 0 regard-
less of the value assigned to α1. Equivalently, before clipping, for t ≥ 2 the increment is

−αt

∑t−1
s=1 β

−s
1 vs = −ηt

1−β1

1−β
t−1
1

∑t−1
s=1 βt−1−s

1 vs√
1−β2

1−β
t−1
2

∑t−1
s=1 βt−1−s

2 ∥vs∥2+ϵ
. This is exactly the vector-valued Adam in-

crement obtained by unrolling the classical EMA updates with zero initialization, where β1 and β2

are the EMA coefficients for the first- and second-moment accumulators, respectively; We call {ηt}
and {αt} the learning rate sequence and effective step size sequence, respectively.
Remark 3.2 (Vector and coordinate-wise forms). Our main analysis treats Adam as a vector-valued
online learner, with the primary focus on discounted regret over the L2 ball. The corresponding
Euclidean-norm stationarity consequence follows the discounted-to-nonconvex conversion, and the
coordinate-wise result matching the coordinate-wise Adam, with the clipping required by our regret
theorem, follows from the standard vector-to-coordinate-wise conversion pipeline used in Cutkosky
et al. (2023); Ahn & Cutkosky (2024). The resulting stationarity and coordinate-wise consequences
are stated after the main regret theorem (Section 7.1).

4 REGRET DECOMPOSITION AND TWO CHALLENGES

With Adam formulated as an online learner, we now turn to the discounted regret analysis.

4.1 REGRET DECOMPOSITION

Our analysis starts from the intermediate regret decomposition of Nguyen (2025), which splits the
discounted regret bound into a comparator term plus a min of a quadratic-gradient term and a move-
ment term (the exact form is adapted to suit the analysis in this work; proof in Appendix A).

Throughout the Adam regret analysis, the discount parameter in Regret[β] is fixed to be β = β1.
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Theorem 4.1 (Discounted regret — intermediate form). For any t ∈ [T ] and any comparator u ∈ D
with ∥u∥ ≤ D, consider the clipped Adam/FTRL learner from Section 3.1 with step sizes ηs ≤ η,
any ϵ > 0, and non-increasing effective step sizes αs ≥ αs+1. Then the discounted regret satisfies

Regret
[β]
t (u) ≤ βt

1∥u∥2

2αt+1︸ ︷︷ ︸
comparator

+

t∑
s=1

min
(αs

2
βt−2s
1 ∥vs∥2︸ ︷︷ ︸

quadratic increment

, βt−s
1 ∥zs − zs+1∥∥vs∥︸ ︷︷ ︸

movement increment

)
. (1)

The summand-wise min in equation 1 pairs the past-only effective step size αs (which depends
only on v1, . . . ,vs−1) with the current gradient vs, and admits a usable bound only via a per-index
decision: at each s we route the summand to whichever of its two arguments can be controlled. We
formalize this through a selected-event split, partitioning the indices s ≥ 2 into the reverse-growth
event Rs and its complement, the growth event Gs := R c

s , both defined by a growth condition on
the weighted gradient sequence {β−s

2 ∥vs∥}:

• Reverse-growth event Rs: β−2s
2 ∥vs∥2 ≤ 2

∑s−1
n=1 β

−2n
2 ∥vn∥2 — the new weighted

squared gradient is controlled by the cumulative weighted past up to a factor of two, so
the quadratic increment admits an Abel-summation bound (Section 6).

• Growth event Gs: β−2s
2 ∥vs∥2 > 2

∑s−1
n=1 β

−2n
2 ∥vn∥2 — the new weighted gradient is a

selected large jump with a factor-two gap, so the movement increment admits a packing-
style geometric-growth bound under clipping (Section 5).

This indexing upgrades the min to an indicator decomposition:

min
(

αs

2 βt−2s
1 ∥vs∥2, βt−s

1 ∥zs − zs+1∥ ∥vs∥
)
≤ αs

2 βt−2s
1 ∥vs∥2 1Rs + βt−s

1 ∥zs − zs+1∥ ∥vs∥1Gs ,

routing each summand to a single argument. We adopt this selected-event split throughout: Section 5
bounds the Gs-side using the clipping step z ← clipD(·) (matching prior work), and Section 6
bounds the Rs-side under retained bias correction (the new contribution). The technical reasons
why prior work dropped bias correction are the subject of the next subsection.

4.2 TWO BIAS-CORRECTION CHALLENGES

We catalog the two challenges created by retaining bias correction.

Challenge 1: “non-monotonicity” of αs. The standard FTRL regret analysis (Orabona, 2019)
requires the regularizer weights 1/αs to be non-decreasing, which is equivalent to αs ≥ αs+1.
This non-increasing step-size requirement is explicitly assumed in both Ahn & Cutkosky (2024)
and Nguyen (2025). Retaining bias correction complicates the previously simple step-size formula:
the bias correction’s non-monotone ratio enters αs, disrupting the straightforward monotonicity that
holds when bias correction is canceled.

We resolve this challenge in Section 4.3: under β1 ≤ β2, we prove that the effective step size αs

with constant learning rate η is automatically non-increasing (Proposition 4.3).

Challenge 2: non-monotonicity of the coefficient sequence in the quadratic term of equation 1.
Even though αs is automatically non-increasing (Section 4.3), the quadratic sum

∑
s

αs

2 βt−2s
1 ∥vs∥2

remains difficult. To bound this sum, one reformulates each summand as a product of a coefficient
times an increment (Section 6). Without bias correction, the resulting coefficient sequence grows
monotonically (Section 6.1), and the sum is thereby bounded by its terminal term. With bias cor-

rection, the ratio
√
1− βs−1

2 /(1 − βs−1
1 ) enters the coefficient. The result is a coefficient that first

decreases and then increases — a behavior we call single-valley structure (formalized as Lemma 6.2
in Section 6). Unlike Challenge 1, which can be resolved under β1 ≤ β2 (Proposition 4.3), this chal-
lenge is intrinsic to the core component of the quadratic term.
Remark 4.2 (Why we shift the object of analysis). Challenge 2 has a concrete consequence. When
each summand in the quadratic sum is reformulated as a coefficient times an increment (Section 6),
bounding the sum by its terminal term requires the coefficient sequence to be non-decreasing. The
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single-valley structure violates this: for any t below an explicit threshold T0 (Proposition 6.5), the
coefficient at the boundary has not yet recovered from the valley, so the clean per-iteration bound is
unavailable from the Abel framework.

Our resolution: instead of bounding Regrett for every t as in existing work (Ahn & Cutkosky,
2024; Nguyen, 2025), we separate the regret guarantees required by the analysis. We prove a clean
pointwise bound for RegretT once T ≥ T0, and we also prove a cumulative discounted-regret bound
for
∑T

t=1 Regrett once T ≥ T1. The cumulative result is a standalone discounted-regret guarantee
showing that the single-valley transient can be amortized over time.

4.3 AUTOMATIC STEP-SIZE MONOTONICITY (RESOLVING CHALLENGE 1)

Initial-point convention. At s = 1 the closed form for αs (Section 3.1) is indeterminate: the
factor (1 − β0

1)
−1 is undefined and b1 = 0 (no past gradients). Because the FTRL iterate z1 =

argminz ∥z∥2/(2α1) = 0 is independent of α1, the value of α1 may be fixed by convention without
affecting the algorithm’s trajectory; any choice satisfying α1 ≥ αs for every s ≥ 2 is admissible for
the analysis. We adopt α1 := α2 = ηβ1√

b2+ϵ
, the minimal admissible choice and the natural extension

of the closed form at the boundary. With this convention, the following proposition shows that αs is
automatically non-increasing for all s ≥ 1.
Proposition 4.3 (Automatic step-size monotonicity). Let β1, β2 ∈ (0, 1) with β1 ≤ β2 and ϵ > 0.
With constant learning rate ηs = η and the initialization α1 := α2, the effective step size αs =

η(1−β1)β
s−1
1

(1−βs−1
1 )(

√
bs+ϵ)

, s ≥ 2, is non-increasing: αs ≥ αs+1 for all s ≥ 1.

The proof is given in Appendix B. The key mechanism is that the decay factor (1− β1)β
s−1
1 /(1−

βs−1
1 ) decreases at rate β1, while the denominator factor

√
bs+ϵ can decrease at most at rate

√
β2 >

β1.

5 MOVEMENT-TERM BOUND WITH CLIPPING

This section provide the necessary bound for the movement term in equation 1. The final regret
argument uses the movement increment only on indices where the local growth event holds. We
assign the boundary term s = 1 to the movement side and define the selected movement envelope

M sel
t := βt−1

1 ∥z1 − z2∥ ∥v1∥+
∑t

s=2 β
t−s
1 ∥zs − zs+1∥ ∥vs∥1Gs

.

Proposition 5.1 (Selected movement bound with clipping). Let 0 < β1 ≤ β2 < 1. Assume addi-
tionally that the iterates are clipped onto D, so that ∥zs∥ ≤ D and therefore ∥zs− zs+1∥ ≤ 2D for
all s. Then, define Cclip

M := 2(3+
√
2)√

1−β2
1

, for every T ≥ 1,

E
[
M sel

T

]
≤ Cclip

M D (G+ σ), and E
[∑T

t=1 M
sel
t

]
≤ Cclip

M D (G+ σ)T,

We work under the same clipped setting and follow the same proof strategy as Ahn & Cutkosky
(2024); Nguyen (2025). The full proof is deferred to Appendix C.

6 QUADRATIC-TERM BOUND

This section resolves Challenge 2 from Section 4.2 for the reverse-growth summands selected by
the local split in equation 1.

Proof sketch. The proof has three steps. First, each selected reverse-growth summand is rewritten
as a coefficient Hs times an increment Is − Is−1. Second, Abel summation turns the resulting sum
into a terminal term plus a remainder governed by the single-valley shape of {Hs}. Third, the point-
wise and cumulative discounted quantities handle this valley remainder differently: the pointwise
bound waits until HT has recovered, while the cumulative bound shows that the descending-phase
cost is amortized after a second explicit threshold. In particular, the first step is a local reformulation:

αs

2
β−2s
1 ∥vs∥21Rs

≤ Hs(Is − Is−1)1Rs
≤ Hs(Is − Is−1).

5



270
271
272
273
274
275
276
277
278
279
280
281
282
283
284
285
286
287
288
289
290
291
292
293
294
295
296
297
298
299
300
301
302
303
304
305
306
307
308
309
310
311
312
313
314
315
316
317
318
319
320
321
322
323

Under review

Thus the selected quadratic term is bounded by the Abel summation:

βt
1

t∑
s=2

αs

2
β−2s
1 ∥vs∥21Rs ≤ βt

1

t∑
s=1

Hs(Is − Is−1) = βt
1

(
HtIt +

t−1∑
s=1

(Hs −Hs+1)Is

)
,

where H1 := 0 and remainder R(T ) :=
∑T−1

s=1 (Hs−Hs+1)Is. The remaining analysis is the single-
valley Abel argument: the per-iteration remainder is non-positive once t ≥ T0, and the cumulative
remainder is absorbed once T ≥ T1.

6.1 REFORMULATION AND PROPERTIES OF Hs

We start with the selected reformulation of each quadratic summand. See Appendix D for the proof.

Lemma 6.1 (Selected reformulation). For s ≥ 2, suppose ηs ≤ η and define Rs :={
β−2s
2 ∥vs∥2 ≤ 2

∑s−1
n=1 β

−2n
2 ∥vn∥2

}
. Define

Hs :=
√
3η

(1− β1)
√
1− βs−1

2

(1− βs−1
1 )
√
1− β2

βs+1
2

βs+1
1 β

s/2
2

, Is :=
√∑s

n=1 β
−n−1
2 ∥vn∥2 , I0 := 0.

Then αs

2 β−2s
1 ∥vs∥21Rs ≤ Hs

(
Is − Is−1

)
1Rs ≤ Hs

(
Is − Is−1

)
.

Note that Hs is exactly the coefficient discussed in Section 4.2: it contains the bias-correction ratio.
Without bias correction, this ratio simplifies to Hs/Hs+1 = β1/

√
β2 ≤ 1 under β1 ≤ β2, so {Hs}

is non-decreasing and the Abel remainder is non-positive, considerably simplifying the analysis.

The following Lemma 6.2 confirms the single-valley structure of the coefficient sequence {Hs}
(Appendix E).

Lemma 6.2 (Single-valley structure). Let 0 < β1 < β2 < 1, and let {Hs}s≥2 be defined as
in Lemma 6.1. Then there exists a unique s⋆ ≥ 2 such that Hs+1 < Hs for 2 ≤ s < s⋆ and
Hs+1 ≥ Hs for s ≥ s⋆.

Additionally, we further characterize Hs with the following Lemma 6.3 (Proof in Appendix F).

Lemma 6.3 (Properties of Hs). Let 0 < β1 ≤ β2 < 1. Write ρ :=
√
β2/β1 > 1 and CL :=√

3 η (1−β1) β2

β1
. Define CH :=

√
6β2 (1−β1)
β1(1−β2)

. (i) Lower bound: Hs ≥ CLρ
s for all s ≥ 2. (ii)

Explicit H2: H2 =
√
3 η β2

2

β3
1

= CLρ2

1−β1
. (iii) Boundary: We set H1 := 0 by convention to drop

the s = 1 term. (iv) Unconditional expectation bound: Under Assumption 3.1, for every s ≥ 2,
E[βs

1HsIs] ≤ CH η (G+ σ).

The constant CH is kept explicit in the main regret bounds; under fixed proportional coupling 1 −
β2 = r(1− β1) it contributes only to the corresponding Or(·) constants.

6.2 PER-ITERATION LIMIT OF TERMINAL ABEL BOUNDS

With the infrastructure above, we can formalize the framework-level limit of per-iteration Abel anal-
ysis with bias correction (as previewed in Remark 4.2). The limitation is not only that our proof
produces a degraded upper bound: any argument that bounds the Abel sum solely by its terminal
term must pay the valley depth of the coefficient sequence. This is a statement about the Abel
envelope itself, not a lower bound on the optimizer’s actual performance.

Proposition 6.4 (Per-iteration limit of the Abel framework). Let 0 < β1 < β2 < 1. Let Hs and Is
be defined as in Lemma 6.1, with H1 := 0, and let R(T ) :=

∑T−1
s=1 (Hs −Hs+1)Is.

(i) Threshold for the clean per-iteration Abel envelope. If T ≥ T0 := 2+
⌈
log(1/(1−β1))

log(
√
β2/β1)

⌉
,

then R(T ) ≤ 0, and therefore βT
1

∑T
s=1 Hs(Is − Is−1) ≤ βT

1 HT IT .

6
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(ii) Penalized upper bound for T < T0. In the pre-recovery regime 2 ≤ T < T0,
combining Abel summation with the single-valley structure (Lemma 6.2) and the ratio
H2/Hs ≤ 1/(1− β1) (Lemma 6.3(i)-(ii)) yields the penalized pathwise envelope bound

βT
1

T∑
s=1

Hs(Is − Is−1) ≤
1

1− β1
βT
1 HT IT . (2)

(iii) Sharpness and magnitude of terminal-term Abel bounds. For any fixed T ≥ 2, the
smallest constant ΓT for which

∑T
s=1 Hs(Is − Is−1) ≤ ΓTHT IT holds for every non-

decreasing sequence 0 = I0 ≤ I1 ≤ · · · ≤ IT is ΓT = max1≤s≤T
Hs

HT
. Consequently, for

every 2 ≤ T ≤ s⋆, ΓT = H2

HT
, and at the bottom of the valley the necessary terminal-term

constant is exactly H2/Hs⋆ . Moreover, if r ∈ (0, 1) is fixed and 1− β2 = r(1− β1), then,

as β1 ↑ 1, Γs⋆ = H2

Hs⋆
= Θr

(
1√

1−β1

)
. Here Θr(·) hides constants that may depend on r.

Part (ii) gives the convenient explicit upper bound, while Part (iii) shows that the sharp terminal-
envelope valley loss has square-root size in the standard proportional-coupling regime. Thus, shift-
ing away from the previous analysis target of bounding Regrett for every t is not merely a cosmetic
proof choice: rather than paying the pre-recovery valley depth in a per-iteration terminal bound, suf-
ficiently many post-valley terms mitigate the valley’s fixed cost. The proof is given in Appendix G.

6.3 DISCOUNTED SELECTED-QUADRATIC BOUNDS (RESOLVING CHALLENGE 2)

This subsection resolves Challenge 2 for the selected reverse-growth side of the local split.
Proposition 6.5 (Selected reverse-growth quadratic bounds). Under Assumption 3.1, let β1, β2 ∈
(0, 1) with β1 < β2 and ηs ≤ η. Define CH as in Lemma 6.3, for s ≥ 2, defineRs as in Lemma 6.1,
and for t ≥ 1 define

Qsel
t := βt

1

t∑
s=2

αs

2
β−2s
1 ∥vs∥21Rs

T0 := 2+

⌈
log(1/(1− β1))

log(
√
β2/β1)

⌉
, T1 :=

⌈
β1(T0 − 2)

1− β1

⌉
.

Part I (Pointwise). For every T ≥ T0:

E
[
Qsel

T

]
≤ CH η (G+ σ). (3)

Part II (Cumulative). For every T ≥ T1:

E
[ T∑
t=1

Qsel
t

]
≤ 2CH η (G+ σ)T. (4)

Both thresholds T0 and T1 are explicit and depend only on β1 and β2.

The proof of Part I shows directly that the Abel-envelope remainder R(T ) ≤ 0 for T ≥ T0 by
exploiting the fact that HT has recovered past the valley. For Part II, summing βt

1 times the Abel
expansion over t = 1, . . . , T produces a double-sum quantity that appears with a minus sign. By
the single-valley structure (Lemma 6.2), only the descending-phase terms (s < s⋆) can contribute
negatively, yielding a penalty of at most β1(s⋆−2)

1−β1
≤ β1(T0−2)

1−β1
terms; for T ≥ T1 this penalty is

absorbed by the main sum, yielding the factor of 2. The full proof is given in Appendix H.

7 FINAL DISCOUNTED REGRET BOUNDS

We now combine the rigorous selected reverse-growth analysis from Section 6 with the clipped
movement bound from Section 5. Both ingredients are fully proved, so the final theorem is uncon-
ditional within the clipped bounded-domain setting.

Local increments and regimes. For s ≥ 1, define ms := αs

2 β−2s
1 ∥vs∥2, ns := β−s

1 ∥zs −
zs+1∥ ∥vs∥. We use the convention that empty sums are zero and assign the boundary term s = 1
to the movement side:

Qsel
t := βt

1

t∑
s=2

ms 1Rs
, and M sel

t := βt
1n1 + βt

1

t∑
s=2

ns 1Gs
.

7
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The summand-wise regret decomposition gives, pathwise,

βt
1

t∑
s=1

min(ms, ns) ≤ Qsel
t +M sel

t , (5)

because min(m1, n1) ≤ n1 and min(ms, ns) ≤ ms1Rs + ns1Gs for s ≥ 2.

Bounding the comparator term. By Proposition 4.3, αt+1 =
η(1−β1)β

t
1

(1−βt
1)(
√

bt+1+ϵ)
, so βt

1

2αt+1
=

(1−βt
1)(
√

bt+1+ϵ)

2η(1−β1)
≤
√

bt+1+ϵ

2η(1−β1)
. Since bt+1 is a nonnegative random variable with E[bt+1] ≤ (G+σ)2,

Jensen’s inequality gives E[
√
bt+1] ≤

√
E[bt+1] ≤ G+ σ, so

E
[
βt
1∥u∥2

2αt+1

]
≤ D2(G+ σ + ϵ)

2η(1− β1)
. (6)

Selected gradient terms. Combining equation 5 with Proposition 6.5 and Proposition 5.1 gives,

for T ≥ T0, E

[
βT
1

T∑
s=1

min(ms, ns)

]
≤ CH η (G+ σ) + Cclip

M D (G+ σ), (7)

and, for T ≥ T1, E

[
T∑

t=1

βt
1

t∑
s=1

min(ms, ns)

]
≤
[
2CH η (G+ σ) + Cclip

M D (G+ σ)
]
T. (8)

Theorem 7.1 (Final discounted regret bounds with clipping). Let Assumption 3.1 hold, let 0 < β1 <
β2 < 1, and let ηs = η > 0. Consider the clipped Adam/FTRL update from Section 3.1, with ϵ > 0
and α1 := α2. Then:

Part I (Pointwise). For every T ≥ T0 and every comparator uT ∈ D:

E
[
Regret

[β]
T (uT )

]
≤ D2(G+ σ + ϵ)

2η(1− β1)
+ CH η (G+ σ) + Cclip

M D (G+ σ).

Part II (Cumulative). For T ≥ max(T0, T1) and every comparator sequence ut ∈ D:

T∑
t=1

E
[
Regret

[β]
t (ut)

]
≤
[
D2(G+ σ + ϵ)

2η(1− β1)
+ 2CH η (G+ σ) + Cclip

M D (G+ σ)

]
T.

In particular, in the standard proportional-coupling regime 1−β2 = r(1−β1) with fixed r ∈ (0, 1),

choosing η = D
√

G+σ+ϵ
4CH (1−β1) (G+σ) yields both bounds in the order Or

(
D (G+σ+ϵ)√

1−β1

)
, matching

the 1/
√
1− β1 rate of Ahn & Cutkosky (2024); Nguyen (2025) without bias correction. Hence

retaining bias correction does not worsen the discounted-regret order. Outside this proportional-
coupling simplification, the displayed bounds retain an explicit 1/

√
1− β2 factor through CH.

Proof. By Proposition 4.3, the effective step sizes are non-increasing under the stated initializa-
tion, so Theorem 4.1 applies. Taking expectation in equation 1 at t = T and applying equation 6
and equation 7 gives the pointwise bound. The same argument summed over t = 1, . . . , T , us-
ing equation 6 uniformly in t and equation 8, gives the cumulative bound. For the stated step size,
the common comparator-plus-quadratic bracket is

D2(G+ σ + ϵ)

2η(1− β1)
+ 2CHη(G+ σ) = 2D

√
CH(G+ σ)(G+ σ + ϵ)

1− β1
≤ D(G+ σ + ϵ)

√
4CH

1− β1
,

which has the claimed order.

8
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7.1 STATIONARITY AND COORDINATE-WISE CONSEQUENCES

For completeness, we follow the discounted-to-nonconvex conversion of Cutkosky et al. (2023); Ahn
& Cutkosky (2024) to translate our regret bound into stationarity guarantees. The next theorem states
the resulting Euclidean-norm stationarity guarantee; the stationarity measure, full assumptions, and
proof are in Appendix I. For readability, the displayed lower bounds on T only keep the εstat-
dominant term; lower-order and logarithmic terms are given in the appendix.
Theorem 7.2 (Stationarity). Under Assumption I.1, let A := G + σ + ϵ. For any r ∈ (0, 1),
λ > 0, and εstat ∈ (0, A], there are choices of β1, β2, D, η with β2 = 1 − r(1 − β1) such that, for

T = Ωr

(
∆λ1/2A2ε

−7/2
stat

)
, the model-EMA output x̄t satisfies Et∼[T ]E

[
∥∇F (x̄t)∥[λ]

]
≤ O(εstat).

The proof of Theorem 7.2 combines the discounted-to-nonconvex conversion with Theorem 7.1
and the standard localization bound for clipped increments. Additionally, the cumulative part of
Theorem 7.1 is a discounted-regret consequence of independent interest. For the stationarity theorem
above, we only need the pointwise part for t ≥ T0; the first T0 rounds are handled by a direct
crude regret bound in Appendix I. Finally, its ε

−7/2
stat dominant iteration dependence matches the

known lower-bound rate for the corresponding non-smooth non-convex stationarity notion (Zhang
& Cutkosky, 2024).

The following corollary records the corresponding coordinate-wise clipped Adam consequence: co-
ordinate aggregation gives pointwise and cumulative (coordinate-wise) discounted-regret bounds,
and the L1 conversion gives the associated stationarity guarantee.
Corollary 7.3 (Coordinate-wise clipped Adam: coordinate-wise regret and L1 stationarity). Let
δ := 1−β1 and A1 := ∥G+σ+ ϵ1∥1. Under Assumption J.1, proportional coupling β2 = 1− rδ,
and the optimized step size from Theorem 7.1, the coordinate-wise clipped learner satisfies, for
T ≥ max(T0, T1) and any comparator sequence ut ∈ [−D,D]d,

E[Regret[β]T (uT )] ≤ Or

(
DA1√

δ

)
,

T∑
t=1

E[Regret[β]t (ut)] ≤ Or

(
TDA1√

δ

)
.

Moreover, under Assumption J.2, for any λ > 0 and εstat ∈ (0, A1], suitable choices of β1, β2, D, η

ensure that, for T = Ωr

(
∆d1/2λ1/2A2

1ε
−7/2
stat

)
, we have Et∼[T ]E

[
∥∇F (x̄t)∥[λ]1

]
≤ O(εstat).

8 DISCUSSION

Our result shows that Adam’s original bias correction creates a genuine proof obstruction in
discounted-regret analysis, but not an asymptotic regret-order penalty. The obstruction is localized:
the effective step sizes remain monotone, and the remaining Abel coefficient has a single-valley
structure whose cost can be absorbed by the pointwise and cumulative regret quantities. Thus,
within the clipped bounded-domain setting, existing guarantees can be made faithful to Adam’s
original bias-corrected parameterization.

Limitations. The framework-level penalty in Proposition 6.4 is intrinsic to terminal-only Abel
envelopes, but whether it corresponds to a real per-iteration regret penalty for Adam is open. Two
natural attack routes are (a) constructing an adversarial vs-sequence at the Rs-boundary (saturating
∥vs∥2 = 2β2s

2

∑
n<s β

−2n
2 ∥vn∥2), in the spirit of (Nguyen, 2025, Theorem 5), to lower-bound

E[Qsel
T ] in the pre-recovery regime; or (b) developing a non-Abel reformulation of the quadratic

term that avoids paying the discrete valley depth altogether. We conjecture that the true per-iteration
penalty, if present, is closer to the square-root terminal-envelope valley depth than to the crude
1/(1− β1) factor used in our convenient upper bound.

Our final theorem still works in a clipped bounded domain, matching the movement-side assumption
used in the existing discounted-regret analyses of Adam. Removing clipping while retaining bias
correction remains an interesting future direction, but it is outside the scope of the present work.

Finally, the thresholds T0 and T1, while explicit and moderate, represent technical artifacts that are
absent from analyses that cancel bias correction; for the default parameters (β1, β2) = (0.9, 0.999),
T0 = 24 and T1 = 198—negligible compared to typical training horizons. Whether both thresholds
can be entirely eliminated remains open.
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A PROOF OF THEOREM 4.1 (INTERMEDIATE REGRET)

Theorem 4.1 (Discounted regret — intermediate form). For any t ∈ [T ] and any comparator u ∈ D
with ∥u∥ ≤ D, consider the clipped Adam/FTRL learner from Section 3.1 with step sizes ηs ≤ η,
any ϵ > 0, and non-increasing effective step sizes αs ≥ αs+1. Then the discounted regret satisfies

Regret
[β]
t (u) ≤ βt

1∥u∥2

2αt+1︸ ︷︷ ︸
comparator

+

t∑
s=1

min
(αs

2
βt−2s
1 ∥vs∥2︸ ︷︷ ︸

quadratic increment

, βt−s
1 ∥zs − zs+1∥∥vs∥︸ ︷︷ ︸

movement increment

)
. (1)

Proof. Define Fs(z) :=
1

2αs
∥z∥2 +

∑s−1
n=1⟨β

−n
1 vn, z⟩ and αs := ηs

(1−β1)β
s−1
1

(1−βs−1
1 )(

√
bs+ϵ)

, so

zs = argmin
z∈D

Fs(z) = clipD

(
−αs

s−1∑
n=1

β−n
1 vn

)
is the clipped Adam/FTRL update.

Telescoping.
t∑

s=1

⟨β−s
1 vs, zs − u⟩ ≤ ∥u∥

2

2αt+1
+

t∑
s=1

[
Fs(zs)− Fs+1(zs+1) + ⟨β−s

1 vs, zs⟩︸ ︷︷ ︸
Term B

]
,

using
∑

(Fs(zs) − Fs+1(zs+1)) = F1(z1) − Ft+1(zt+1), F1(z1) = minx
1

2α1
∥x∥2, and

Ft+1(zt+1) ≤ Ft+1(u).

Bounding Term B. Writing
Term B ≤ Fs(zs)− Fs(zs+1)︸ ︷︷ ︸

B.1

+ ⟨β−s
1 vs, zs − zs+1⟩︸ ︷︷ ︸

B.2

(using Fs(zs+1)−Fs+1(zs+1) = −⟨β−s
1 vs, zs+1⟩+ 1

2αs
∥zs+1∥2− 1

2αs+1
∥zs+1∥2 and αs ≥ αs+1):

Term B.1: Fs(zs) − Fs(zs+1) ≤ −∥zs−zs+1∥2

2αs
by strong convexity and the variational inequality

for the constrained minimizer zs ∈ argminz∈D Fs(z). (R1)

Quadratic term (Young’s inequality on B.2). ⟨β−s
1 vs, zs − zs+1⟩ ≤ αs

2 β−2s
1 ∥vs∥2 + ∥zs−zs+1∥2

2αs
.

(R2)

Combining (R1)+(R2): Term B ≤ αs

2 β−2s
1 ∥vs∥2.

Movement term (Cauchy–Schwarz on B.2). ⟨β−s
1 vs, zs − zs+1⟩ ≤ ∥zs − zs+1∥ · β−s

1 ∥vs∥. (R3)

Combining (R1)+(R3): Term B ≤ β−s
1 ∥zs − zs+1∥∥vs∥.

Thus, for each s,

Term B ≤ min
(αs

2
β−2s
1 ∥vs∥2, β−s

1 ∥zs − zs+1∥∥vs∥
)
.

Summing over s and multiplying by βt
1 gives the summand-wise bound equation 1.

B PROOF OF AUTOMATIC STEP-SIZE MONOTONICITY (PROPOSITION 4.3)

Proposition B.1 (Automatic step-size monotonicity). Let β1, β2 ∈ (0, 1) with β1 ≤ β2 and ϵ > 0.
With constant learning rate ηs = η and the initialization α1 := α2, the effective step size αs =

η(1−β1)β
s−1
1

(1−βs−1
1 )(

√
bs+ϵ)

, s ≥ 2, is non-increasing: αs ≥ αs+1 for all s ≥ 1.

Proof. We begin with cs :=
(1−β1)β

s−1
1

(1−βs−1
1 )(

√
bs+ϵ)

. We show cs ≤ cs−1 for all s ≥ 2; monotonicity of
αs = η cs follows immediately.
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Case s = 2. By the initial-point convention of Section 4.3, c1 := c2, so c2 ≤ c1 holds with
equality.

Case s ≥ 3. We need cs ≤ cs−1, equivalently

cs
cs−1

=
β1(1− βs−2

1 )

1− βs−1
1

·
√

bs−1 + ϵ
√
bs + ϵ

≤ 1. (9)

We bound each factor. Set k = s− 2 ≥ 1, a = βk
1 , b = βk

2 .

Bounding
√
bs from below. Unrolling the second-moment EMA and applying bias correction gives

bs =
1− β2

1− βs−1
2

s−1∑
n=1

βs−1−n
2 ∥vn∥2 =

1− β2

1− βs−1
2

(
β2

s−2∑
n=1

βs−2−n
2 ∥vn∥2 + ∥vs−1∥2

)
.

Since

bs−1 =
1− β2

1− βs−2
2

s−2∑
n=1

βs−2−n
2 ∥vn∥2,

we can rewrite this as the convex combination

bs = ws bs−1 + (1− ws)∥vs−1∥2, ws =
(1− βs−2

2 )β2

1− βs−1
2

∈ (0, 1),

where 1− ws = (1− β2)/(1− βs−1
2 ). Since (1− ws)∥vs−1∥2 ≥ 0, we have bs ≥ ws bs−1, hence√

bs ≥
√
ws

√
bs−1.

Worst-case ratio. Substituting
√
bs ≥

√
ws

√
bs−1 into equation 9:

cs
cs−1

≤ β1(1− a)

1− aβ1
·

√
bs−1 + ϵ

√
ws

√
bs−1 + ϵ

,

where we used 1−βs−2
1

1−βs−1
1

= 1−a
1−aβ1

. The second factor x+ϵ√
ws x+ϵ (with x =

√
bs−1) is increasing in x

because
√
ws < 1, so its supremum is at x→∞, giving 1/

√
ws.

Hence it suffices to prove the worst-case inequality

β2
1(1− a)2

(1− aβ1)2
≤ ws =

(1− b)β2

1− bβ2
, (10)

where a = βk
1 , b = βk

2 , and k = s− 2 ≥ 1.

Define

ϕk(β) :=
β(1− βk)

1− βk+1
=

∑k
j=1 β

j∑k
j=0 β

j
= 1− 1∑k

j=0 β
j
.

Then the left side of equation 10 equals ϕk(β1)
2 and the right side equals ϕk(β2), so it suffices to

show ϕk(β1)
2 ≤ ϕk(β2).

We use two elementary facts:

(i) ϕk(β) < 1 for β ∈ (0, 1), since β(1− βk) < 1− βk+1 ⇐⇒ β < 1.

(ii) ϕk is strictly increasing on (0, 1), since
∑k

j=0 β
j is strictly increasing (its derivative∑k

j=1 jβ
j−1 is positive) and ϕk = 1− 1/

∑k
j=0 β

j .

Combining, ϕk(β1)
2

(i)

≤ ϕk(β1)
(ii)

≤ ϕk(β2), where the second inequality uses β1 ≤ β2. This
establishes equation 10 and hence cs ≤ cs−1 for all s ≥ 3.

Combining with the s = 2 case, {cs} is non-increasing and αs = η cs is non-increasing.

13
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C PROOF OF PROPOSITION 5.1

Proof. Let St := {s ∈ {2, . . . , t} : Gs} and define As := β−s
1 ∥vs∥. If r < s are consecutive

elements of St, then Gs implies

β−2s
2 ∥vs∥2 > 2

s−1∑
n=1

β−2n
2 ∥vn∥2 ≥ 2β−2r

2 ∥vr∥2,

hence β−s
2 ∥vs∥ >

√
2β−r

2 ∥vr∥. Since β1 ≤ β2, this yields

As =
(β2

β1

)s
β−s
2 ∥vs∥ >

√
2
(β2

β1

)r
β−r
2 ∥vr∥ =

√
2Ar.

Therefore the selected sequence {As : s ∈ St} grows by at least a factor
√
2, so∑

s∈St

As ≤ (2 +
√
2)max

s∈St

As,

with the convention that the sum and maximum are zero when St = ∅. Using ∥zs − zs+1∥ ≤ 2D,

M sel
t ≤ 2D

(
βt−1
1 ∥v1∥+

∑
s∈St

βt−s
1 ∥vs∥

)
= 2D

(
βt
1A1 + βt

1

∑
s∈St

As

)
≤ 2(3 +

√
2)D max

1≤s≤t
βt−s
1 ∥vs∥.

Next,

max
1≤s≤t

βt−s
1 ∥vs∥ ≤

√√√√ t∑
s=1

β
2(t−s)
1 ∥vs∥2.

Taking expectation and applying Jensen’s inequality together with E∥vs∥2 ≤ (G+ σ)2,

E
[
max
1≤s≤t

βt−s
1 ∥vs∥

]
≤

√√√√ t∑
s=1

β
2(t−s)
1 E∥vs∥2 ≤

G+ σ√
1− β2

1

.

Combining the two displays yields the first bound in Proposition 5.1. Summing the same estimate
over t = 1, . . . , T gives the second bound.

D PROOF OF LEMMA 6.1 (REFORMULATION)

Lemma D.1 (Selected reformulation). For s ≥ 2, suppose ηs ≤ η and define Rs :={
β−2s
2 ∥vs∥2 ≤ 2

∑s−1
n=1 β

−2n
2 ∥vn∥2

}
. Define

Hs :=
√
3η

(1− β1)
√
1− βs−1

2

(1− βs−1
1 )
√
1− β2

βs+1
2

βs+1
1 β

s/2
2

, Is :=
√∑s

n=1 β
−n−1
2 ∥vn∥2 , I0 := 0.

Then αs

2 β−2s
1 ∥vs∥21Rs ≤ Hs

(
Is − Is−1

)
1Rs ≤ Hs

(
Is − Is−1

)
.

Proof. Fix s ≥ 2. If Rs does not hold, the claimed indicator inequality is trivial. On Rs, the
stronger weighted reverse condition implies the reverse condition needed below:

β−s−1
2 ∥vs∥2 = βs−1

2 β−2s
2 ∥vs∥2 ≤ 2

s−1∑
n=1

βs−1−2n
2 ∥vn∥2 ≤ 2

s−1∑
n=1

β−n−1
2 ∥vn∥2.
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The last inequality uses n ≤ s− 1 and 0 < β2 < 1. We then re-formulate αs

2 β−2s
1 ∥vs∥2 as:

αs

2
β−2s
1 ∥vs∥2

(a)

≤ η

2

1− β1

1− βs−1
1

β−s−1
1√
bs
∥vs∥2

=
η

2

1− β1

1− βs−1
1

√
1− βs−1

2√
1− β2

1√
βs
2

β−s−1
1 ∥vs∥2√∑s−1

n=1 β
−n−1
2 ∥vn∥2

(b)

≤ η

2

1− β1

1− βs−1
1

√
1− βs−1

2√
1− β2

β−s−1
1

β−s−1
2

1√
βs
2

√
3β−s−1

2 ∥vs∥2√
β−s−1
2 ∥vs∥2 +

∑s−1
n=1 β

−n−1
2 ∥vn∥2

(c)

≤ η

2

1− β1√
1− β2

√
1− βs−1

2

1− βs−1
1

β−s−1
1

β−s−1
2

1√
βs
2

· 2
√
3
(√∑s

n=1 β
−n−1
2 ∥vn∥2 −

√∑s−1
n=1 β

−n−1
2 ∥vn∥2

)
︸ ︷︷ ︸

= Is − Is−1

=
√
3η

(1− β1)
√
1− βs−1

2

(1− βs−1
1 )
√
1− β2

β
s/2+1
2

βs+1
1︸ ︷︷ ︸

= Hs

(Is − Is−1)

where (a) uses ηs ≤ η and drops ϵ; (b) uses β−s−1
2 ∥vs∥2 ≤ 2

∑s−1
n=1 β

−n−1
2 ∥vn∥2, which follows

from Rs as shown above, and hence
∑s−1

n=1 β
−n−1
2 ∥vn∥2 ≥ 1

2β
−s−1
2 ∥vs∥2; (c) uses x√

x+y
≤

2(
√
x+ y−√y) for x, y > 0. Multiplying by 1Rs

gives the first displayed inequality, and dropping
the indicator on the nonnegative right-hand side gives the second.

E PROOF OF LEMMA 6.2 (SINGLE-VALLEY STRUCTURE)

Lemma E.1 (Single-valley structure). Let 0 < β1 < β2 < 1, and let {Hs}s≥2 be defined as
in Lemma 6.1. Then there exists a unique s⋆ ≥ 2 such that Hs+1 < Hs for 2 ≤ s < s⋆ and
Hs+1 ≥ Hs for s ≥ s⋆.

Proof. Set λi := − log βi > 0 and τ := λ1/λ2 > 1 (strict since β1 < β2). Let h(s) := logHs

extended smoothly to s ≥ 2. From the definition of Hs in Lemma 6.1, with log ρ = λ1 − λ2/2 =
λ2(τ − 1

2 ):

h′(s) = log ρ+
λ2/2

eλ2(s−1) − 1
− λ1

eλ1(s−1) − 1
=

λ2

2

[
(2τ − 1) +

1

ey − 1
− 2τ

eτy − 1

]
,

with y := λ2(s− 1). Multiplying through by 2(ey − 1)(eτy − 1)/λ2 > 0, the sign of h′ equals that
of

G(y) := (2τ − 1)(ey − 1)(eτy − 1) + (eτy − 1)− 2τ(ey − 1).

We have G(0) = 0, G(∞) = +∞ (leading term (2τ −1)e(τ+1)y, coefficient positive), and G′(0) =
−τ < 0.

G′ has a unique positive zero. Factor G′(y) = ey Q(y) with Q(y) := (2τ −1)(τ +1)eτy−2τ(τ −
1)e(τ−1)y− (4τ−1). Then Q(0) = −τ , Q(∞) = +∞, and Q′(y) = τe(τ−1)y[(2τ−1)(τ+1)ey−
2(τ − 1)2]. Since (2τ − 1)(τ + 1) − 2(τ − 1)2 = 5τ − 3 > 0 for τ > 1 and ey > 1 for y > 0,
Q′(y) > 0, so Q is strictly increasing with a unique positive zero, and therefore G′ has a unique
positive zero.

Combined with G(0) = 0, G′(0) < 0, and G(∞) = +∞: G decreases below zero, attains a
minimum, then increases to +∞, crossing zero at a unique y0 > 0. With s0 := 1+y0/λ2, this gives
h′(s) < 0 for s < s0 and h′(s) > 0 for s > s0.

Discrete lifting. For real u ≥ 2, define ∆(u) := h(u + 1) − h(u); the discrete increments are
∆s = ∆(s). If u + 1 ≤ s0, then h′ < 0 on [u, u + 1], so ∆(u) < 0. If u ≥ s0, then h′ > 0 on
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[u, u + 1], so ∆(u) > 0. The only remaining values of u lie in the transition window (s0 − 1, s0),
whose length is one. On this window,

∆′(u) = h′(u+ 1)− h′(u) > 0,

because u < s0 < u + 1. Thus ∆(u) is strictly increasing through the transition window, and
the integer sequence {∆s}s≥2 can change sign at most once. Since ∆s → log ρ > 0, the set
{s ≥ 2 : ∆s ≥ 0} is nonempty. Set s⋆ := min{s ≥ 2 : ∆s ≥ 0}. Then ∆s < 0 for 2 ≤ s < s⋆ and
∆s ≥ 0 for s ≥ s⋆, equivalently Hs+1 < Hs for 2 ≤ s < s⋆ and Hs+1 ≥ Hs for s ≥ s⋆.

F PROOF OF LEMMA 6.3 (PROPERTIES OF Hs)

Lemma F.1 (Properties of Hs). Let 0 < β1 ≤ β2 < 1. Write ρ :=
√
β2/β1 > 1 and CL :=√

3 η (1−β1) β2

β1
. Define CH :=

√
6β2 (1−β1)
β1(1−β2)

. (i) Lower bound: Hs ≥ CLρ
s for all s ≥ 2. (ii)

Explicit H2: H2 =
√
3 η β2

2

β3
1

= CLρ2

1−β1
. (iii) Boundary: We set H1 := 0 by convention to drop

the s = 1 term. (iv) Unconditional expectation bound: Under Assumption 3.1, for every s ≥ 2,
E[βs

1HsIs] ≤ CH η (G+ σ).

Proof. (i) (1−β1)
√

1−βs−1
2

(1−βs−1
1 )

√
1−β2

≥ 1 − β1 and βs+1
2

βs+1
1 β

s/2
2

= β2 ρs

β1
, hence Hs ≥

√
3η(1 − β1)β2ρ

s/β1 =

CLρ
s.

(ii) At s = 2:
√
1− β2/

√
1− β2 = 1, (1 − β1)/(1 − β1) = 1, so H2 =

√
3η β3

2/(β
3
1β2) =√

3ηβ2
2/β

3
1 .

(iii) The formula defining Hs is used for s ≥ 2. We set H1 := 0 by convention so that Abel
summation may start at s = 1 without adding a boundary contribution.

(iv) We expand βs
1HsIs directly from the definitions (Lemma 6.1) and bound it without conditioning

on the reverse-growth event.

Step 1 (expand βs
1HsIs). From definitions of Hs in Lemma 6.1, multiplying Hs by βs

1 and using
βs+1
2

βs+1
1 β

s/2
2

=
β
s/2+1
2

β1
:

βs
1Hs =

√
3 η(1− β1)

β1
·

√
1− βs−1

2

(1− βs−1
1 )
√
1− β2

· βs/2+1
2 .

Absorbing β
s/2+1
2 into Is via βs+2

2 · β−n−1
2 = βs−n+1

2 = β2 · βs−n
2 :

β
s/2+1
2 Is =

√
β2

√∑s
n=1 β

s−n
2 ∥vn∥2 .

Therefore

βs
1HsIs =

√
3β2 η(1− β1)

β1

√
1− β2

·

√
1− βs−1

2

1− βs−1
1

·
√∑s

n=1 β
s−n
2 ∥vn∥2 . (11)

Step 2 (expectation via Jensen). By Jensen’s inequality and Assumption 3.1,

E

√√√√ s∑
n=1

βs−n
2 ∥vn∥2

 ≤
√√√√ s∑

n=1

βs−n
2 E∥vn∥2 ≤

√
1− βs

2

1− β2
(G+ σ).

Taking expectations in equation 11 gives

E[βs
1HsIs] ≤

√
3β2 η(1− β1)

β1(1− β2)
·

√
(1− βs−1

2 )(1− βs
2)

1− βs−1
1

(G+ σ).
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For s ≥ 2, we have
1− βs

2 ≤ 2(1− βs−1
2 ),

equivalently
√

1− βs
2 ≤
√
2
√
1− βs−1

2 . Using also 1−βs−1
2

1−βs−1
1

≤ 1 (since β1 ≤ β2), we obtain

E[βs
1HsIs] ≤ CH η (G+ σ) .

G PROOF OF PROPOSITION 6.4 (FRAMEWORK-LEVEL PENALTY)

Proposition G.1 (Per-iteration limit of the Abel framework). Let 0 < β1 < β2 < 1. Let Hs and Is
be defined as in Lemma 6.1, with H1 := 0, and let R(T ) :=

∑T−1
s=1 (Hs −Hs+1)Is.

(i) Threshold for the clean per-iteration Abel envelope. If T ≥ T0 := 2+
⌈
log(1/(1−β1))

log(
√
β2/β1)

⌉
,

then R(T ) ≤ 0, and therefore βT
1

∑T
s=1 Hs(Is − Is−1) ≤ βT

1 HT IT .

(ii) Penalized upper bound for T < T0. In the pre-recovery regime 2 ≤ T < T0,
combining Abel summation with the single-valley structure (Lemma 6.2) and the ratio
H2/Hs ≤ 1/(1− β1) (Lemma 6.3(i)-(ii)) yields the penalized pathwise envelope bound

βT
1

T∑
s=1

Hs(Is − Is−1) ≤
1

1− β1
βT
1 HT IT . (2)

(iii) Sharpness and magnitude of terminal-term Abel bounds. For any fixed T ≥ 2, the
smallest constant ΓT for which

∑T
s=1 Hs(Is − Is−1) ≤ ΓTHT IT holds for every non-

decreasing sequence 0 = I0 ≤ I1 ≤ · · · ≤ IT is ΓT = max1≤s≤T
Hs

HT
. Consequently, for

every 2 ≤ T ≤ s⋆, ΓT = H2

HT
, and at the bottom of the valley the necessary terminal-term

constant is exactly H2/Hs⋆ . Moreover, if r ∈ (0, 1) is fixed and 1− β2 = r(1− β1), then,

as β1 ↑ 1, Γs⋆ = H2

Hs⋆
= Θr

(
1√

1−β1

)
. Here Θr(·) hides constants that may depend on r.

Proof. Write ρ :=
√
β2/β1 > 1 and R(T ) :=

∑T−1
s=1 (Hs −Hs+1)Is.

(i) Threshold condition. Abel summation gives, for any T ≥ 1,

βT
1

T∑
s=1

Hs(Is − Is−1) = βT
1

[
HT IT +R(T )

]
. (12)

To show R(T ) ≤ 0 when HT ≥ H2: with
∑k

s=1(Hs − Hs+1) = H1 − Hk+1 = −Hk+1 (using
H1 = 0), Abel summation rewrites

R(T ) = −HT IT−1 +

T−2∑
s=1

Hs+1(Is+1 − Is).

If HT ≥ H2, single-valley structure gives Hs+1 ≤ max(H2, HT−1) ≤ HT for s ∈ [1, T − 2],
hence

R(T ) ≤ −HT IT−1 +HT (IT−1 − I1) = −HT I1 ≤ 0.

By Lemma 6.3(i)–(ii), HT ≥ CLρ
T and H2 = CLρ

2/(1− β1), so HT ≥ H2 follows from ρT−2 ≥
1/(1− β1), i.e., T ≥ T0 := 2 + ⌈log(1/(1− β1))/ log ρ⌉.

(ii) Penalized upper bound for T < T0. Fix T with 2 ≤ T < T0. We prove the penalized
bound equation 2 by chaining three upper bounds: Abel summation, single-valley rearrangement,
and the valley-depth upper bound H2/Hs ≤ 1/(1− β1) derived from Lemma 6.3(i)-(ii). The result
is a statement about the Abel upper envelope; any selected quadratic term bounded by this envelope
may be strictly smaller for a given trajectory.
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Step 1 (Abel). Applying Abel summation (with I0 = 0), then multiplying by βT
1 , yields equation 12.

Step 2 (case split and single-valley rearrangement). If HT ≥ H2, the argument from Part (i) gives
R(T ) ≤ 0. Therefore

βT
1

(
HT IT +R(T )

)
≤ βT

1 HT IT ≤
βT
1 HT IT
1− β1

,

so the desired penalized bound already holds. It remains to consider the case HT < H2. By
Lemma 6.3(iii), H1 = 0, so the s = 1 term of R(T ) equals −H2I1 ≤ 0 and can be dropped in any
upper bound. By Lemma 6.2, (Hs −Hs+1) ≥ 0 for 2 ≤ s < s⋆ and (Hs −Hs+1) ≤ 0 for s ≥ s⋆.

For T ≤ s⋆, all non-dropped summands are non-negative and Is ≤ IT :

R(T ) ≤
T−1∑
s=2

(Hs −Hs+1)Is ≤ IT

T−1∑
s=2

(Hs −Hs+1) = IT (H2 −HT ).

For T > s⋆, split the sum at s⋆. The descending part contributes at most
∑s⋆−1

s=2 (Hs −Hs+1)Is ≤
Is⋆(H2 − Hs⋆). The ascending part has non-positive summands with Is ≥ Is⋆ , so replacing each
Is by Is⋆ yields a larger (less negative) upper bound:

∑T−1
s=s⋆

(Hs − Hs+1)Is ≤ Is⋆
∑T−1

s=s⋆
(Hs −

Hs+1) = Is⋆(Hs⋆ −HT ). Adding: R(T ) ≤ Is⋆(H2 −HT ) ≤ IT (H2 −HT ).

Step 3 (valley-depth conversion). By Lemma 6.3(i)-(ii), H2 = CLρ
2/(1 − β1) and HT ≥ CLρ

T ,
so for T ≥ 2: H2/HT ≤ ρ2−T /(1 − β1) ≤ 1/(1 − β1) (since ρ > 1). Hence H2 − HT ≤
HT

(
1

1−β1
− 1
)
= β1

1−β1
HT . Combining Steps 1–3:

βT
1

(
HT IT +R(T )

)
≤ βT

1

(
HT IT + (H2 −HT )IT

)
≤ βT

1 HT IT

(
1 + β1

1−β1

)
=

βT
1 HT IT
1− β1

,

which is equation 2. The 1/(1 − β1) factor originates from Step 3, the only step that invokes the
valley-depth bound.

(iii) Sharpness and magnitude of terminal-term Abel bounds. Fix T ≥ 2 and define

Γ⋆
T := max

1≤s≤T

Hs

HT
.

For any non-decreasing sequence 0 = I0 ≤ I1 ≤ · · · ≤ IT ,
T∑

s=1

Hs(Is − Is−1) ≤ Γ⋆
THT

T∑
s=1

(Is − Is−1) = Γ⋆
THT IT .

Therefore the optimal terminal-term constant satisfies ΓT ≤ Γ⋆
T .

For the reverse inequality, let r ∈ argmax1≤s≤T Hs and choose the step sequence

Is :=

{
0, s < r,

1, s ≥ r.

Then
∑T

s=1 Hs(Is − Is−1) = Hr and IT = 1, so any valid terminal-term bound with constant Γ
must have

Hr ≤ ΓHT , hence Γ ≥ Hr

HT
= Γ⋆

T .

Thus ΓT = Γ⋆
T .

Finally, when 2 ≤ T ≤ s⋆, the single-valley structure gives H2 ≥ Hs for every 2 ≤ s ≤ T and
H1 = 0, so ΓT = H2/HT . At T = s⋆, this is exactly the discrete valley depth H2/Hs⋆ .

Magnitude in the proportional-coupling regime. Write a := 1 − β1 and fix r ∈ (0, 1) with β2 =

1 − ra. The exact value in Lemma 6.3(ii) gives H2 =
√
3η β2

2/β
3
1 = Θ(η). For s ≥ 2, with

xs := a(s− 1), the definition of Hs can be written as

Hs =
√
3η

β2

β1

√
a

r
ρs

√
1− βs−1

2

1− βs−1
1

, ρ =

√
β2

β1
.
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The standard estimates, uniformly for xs in compact subsets of (0,∞),

(1− a)xs/a = e−xs+O(a), (1− ra)xs/a = e−rxs+O(a), ρxs/a = e(1−r/2)xs+O(a)

show that
Hs

η
√
a
≍r Fr(xs), Fr(x) := e(1−r/2)x

√
1− e−rx

√
r (1− e−x)

.

The function Fr is continuous on (0,∞), satisfies Fr(x) ≍r x−1/2 as x ↓ 0 and Fr(x) ≍r e(1−r/2)x

as x → ∞. Hence Fr has a finite positive minimum on (0,∞). The endpoint estimates give a
matching lower bound outside a fixed compact interval, while the grid spacing of xs = a(s − 1)
tends to zero and lets us choose an integer s within O(a) of a minimizer of Fr. Therefore

Hs⋆ = min
s≥2

Hs = Θr(η
√
a).

Combining H2 = Θ(η) with Hs⋆ = Θr(η
√
a) yields

Γs⋆ =
H2

Hs⋆

= Θr(a
−1/2) = Θr

(
1√

1− β1

)
.

H PROOF OF PROPOSITION 6.5 (DISCOUNTED GRADIENT BOUNDS)

Proposition H.1 (Selected reverse-growth quadratic bounds). Under Assumption 3.1, let β1, β2 ∈
(0, 1) with β1 < β2 and ηs ≤ η. Define CH as in Lemma 6.3, for s ≥ 2, defineRs as in Lemma 6.1,
and for t ≥ 1 define

Qsel
t := βt

1

t∑
s=2

αs

2
β−2s
1 ∥vs∥21Rs T0 := 2+

⌈
log(1/(1− β1))

log(
√
β2/β1)

⌉
, T1 :=

⌈
β1(T0 − 2)

1− β1

⌉
.

Part I (Pointwise). For every T ≥ T0:

E
[
Qsel

T

]
≤ CH η (G+ σ). (3)

Part II (Cumulative). For every T ≥ T1:

E
[ T∑
t=1

Qsel
t

]
≤ 2CH η (G+ σ)T. (4)

Proof. Step 1 (Selected inner Abel envelope — shared). By Lemma 6.1, for every t ≥ 1,
t∑

s=2

αs

2
β−2s
1 ∥vs∥21Rs

≤
t∑

s=1

Hs(Is − Is−1) = HtIt +
t−1∑
s=1

(Hs −Hs+1)Is , (13)

where the equality is Abel summation with I0 = 0 and H1 = 0.

— Part I (Pointwise) —

Step 2 (Pathwise bound). Specializing equation 13 to t = T and multiplying by βT
1 :

Qsel
T ≤ βT

1

[
HT IT +R(T )

]
, R(T ) :=

T−1∑
s=1

(Hs −Hs+1)Is.

By Proposition 6.4(i), for T ≥ T0 we have R(T ) ≤ 0, and hence

Qsel
T ≤ βT

1 HT IT . (14)

Step 3 (Expectation). Taking expectation in equation 14 and applying Lemma 6.3(iv),
E[βT

1 HT IT ] ≤ CH η (G+ σ):
E
[
Qsel

T

]
≤ CH η (G+ σ),

which is equation 3. □ (Part I)
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Under review

— Part II (Cumulative) —

Fix T ≥ 2 and define W̃s := βs+1
1 − βT+1

1 > 0 for 1 ≤ s ≤ T − 1.

Step 4 (Outer summation). Multiply equation 13 by βt
1, sum over t = 1, . . . , T , and exchange

summation order:
T∑

t=1

Qsel
t ≤

T∑
t=1

βt
1HtIt −

A
1− β1

, (15)

where A :=
∑T−1

s=1 (Hs+1 −Hs)IsW̃s.

Step 5 (Absorbing the remainder). We bound the contribution of −A/(1 − β1) directly. By
Lemma 6.3(iii), H1 = 0, so the s = 1 term in A equals H2I1W̃1 ≥ 0. By Lemma 6.2, (Hs+1 −
Hs) ≥ 0 for s ≥ s⋆. Thus the only negative contributions come from 2 ≤ s < s⋆:

−A ≤
min(T−1,s⋆−1)∑

s=2

(Hs −Hs+1) Is W̃s.

Since Hs+1 ≥ 0, Hs −Hs+1 ≤ Hs, and W̃s ≤ βs+1
1 , so

−A ≤ β1

s⋆−1∑
s=2

βs
1 Hs Is.

Dividing by (1− β1) and combining with equation 15:

T∑
t=1

Qsel
t ≤

T∑
t=1

βt
1HtIt +

β1

1− β1

s⋆−1∑
s=2

βs
1 Hs Is, (16)

a pathwise bound valid for all T ≥ 1.

Step 6 (Expectation and threshold). By Lemma 6.3(iv), E[βt
1HtIt] ≤ CH η (G+σ) for every t ≥

2, while the t = 1 term is zero because H1 = 0. The first sum in equation 16 has T terms and the
second at most s⋆ − 2 terms:

E

[
T∑

t=1

Qsel
t

]
≤ CH η (G+ σ)

(
T +

β1(s⋆ − 2)

1− β1

)
.

Claim: s⋆ ≤ T0. If s⋆ > T0, then H is strictly decreasing on [2, s⋆] ⊃ [2, T0], so HT0
< H2,

contradicting HT0
≥ H2 (Proposition 6.4(i)). Hence s⋆ ≤ T0, so β1(s⋆−2)

1−β1
≤ β1(T0−2)

1−β1
.

For T ≥ T1 :=
⌈β1(T0−2)

1−β1

⌉
, this gives β1(s⋆−2)

1−β1
≤ T , yielding

E

[
T∑

t=1

Qsel
t

]
≤ 2CH η (G+ σ)T,

which is equation 4. □ (Part II)

I STATIONARITY CONSEQUENCES

The assumptions, DTNC algorithm, and stationarity definition in this section follow the stan-
dard online-to-non-convex framework (Cutkosky et al., 2023; Zhang & Cutkosky, 2024; Ahn &
Cutkosky, 2024); we restate them to fix notation and to make the conversion from our regret bound
explicit.
Assumption I.1 (Function and stochastic-gradient oracle). Let F : Rd → R be differentiable and
let ∆ := F (x0)− infx F (x) <∞. Assume:

20



1080
1081
1082
1083
1084
1085
1086
1087
1088
1089
1090
1091
1092
1093
1094
1095
1096
1097
1098
1099
1100
1101
1102
1103
1104
1105
1106
1107
1108
1109
1110
1111
1112
1113
1114
1115
1116
1117
1118
1119
1120
1121
1122
1123
1124
1125
1126
1127
1128
1129
1130
1131
1132
1133

Under review

1. Well-behavedness. For all x,y ∈ Rd,

F (y)− F (x) =

∫ 1

0

⟨∇F (x+ t(y − x)), y − x⟩ dt.

2. Bounded gradient. ∥∇F (x)∥ ≤ G for all x.

3. Unbiased stochastic gradients with bounded variance. For g← StoGrad(x, r),

E[g] = ∇F (x), E[∥g −∇F (x)∥2] ≤ σ2.

Algorithm 1 Discounted-to-non-convex conversion (DTNC) algorithm
Input: Initial point x0, horizon T , online learnerA outputting increments zt, and discount factor
β1 ∈ (0, 1)
Initialize x̄0 ← x0

for t = 1 to T do
Receive zt from A
Update xt ← xt−1 + ρtzt, where ρt ∼ Exp(1) independently
Compute gt ← StoGrad(xt, rt) with freshly sampled randomness rt
Send the linear loss ℓ[β1]

t (z) := ⟨β−t
1 gt, z⟩ to A

Update x̄t ← β1−βt
1

1−βt
1
x̄t−1 +

1−β1

1−βt
1
xt {For output only}

end for
Return x̄τ where τ ∼ Unif([T ])

The weighted loss in Algorithm 1 matches the discounted-regret convention used in the main
text: multiplying the ordinary regret of A on losses ℓ

[β1]
s by βt

1 gives
∑t

s=1 β
t−s
1 ⟨gs, zs − u⟩ =

Regret
[β]
t (u) with β ≡ β1 and cost vectors vs = gs. Regarding the output x̄t, x̄t = Eyt

[yt], where
yt is distributed over {xs}ts=1 with P(yt = xs) = βt−s

1
1−β1

1−βt
1
.

Definition I.2 ((λ, ε)-stationarity). Suppose F : Rd → R is differentiable. For λ > 0, define

∥∇F (x)∥[λ] := inf
p∈P(Rd)

Ey∼p[y]=x

{
∥Ey∼p[∇F (y)]∥+ λEy∼p[∥y − x∥2]

}
.

We say that x is a (λ, ε)-stationary point if ∥∇F (x)∥[λ] ≤ ε.

We now restate the Euclidean-norm stationarity consequence from Section 7.1 using the notation
introduced above.
Theorem 7.2 (Stationarity). Under Assumption I.1, let A := G + σ + ϵ. For any r ∈ (0, 1),
λ > 0, and εstat ∈ (0, A], there are choices of β1, β2, D, η with β2 = 1 − r(1 − β1) such that, for

T = Ωr

(
∆λ1/2A2ε

−7/2
stat

)
, the model-EMA output x̄t satisfies Et∼[T ]E

[
∥∇F (x̄t)∥[λ]

]
≤ O(εstat).

Proof of Theorem 7.2. Let δ := 1 − β1, set A := G + σ + ϵ, and x̄t = Eyt
[yt] denote the model

EMA output in the discounted-to-nonconvex conversion. Choose

δ = Θr

(
ε2stat
A2

)
, β2 = 1− rδ, D = Θr

(
δλ−1/2ε

1/2
stat

)
,

and choose η as in the optimized proportional-coupling part of Theorem 7.1. The condition
εstat ≤ A ensures that the chosen momentum gap δ = 1 − β1 can be taken in (0, 1); it also
keeps the logarithmic substitutions, such as log(A/εstat), in the stated high-accuracy regime. For
this coupling, ρ :=

√
β2/β1 satisfies log ρ = Θr(δ). Hence the thresholds in Theorem 7.1 obey

T0 = Or

(
δ−1 log 1

δ

)
, which gives T0 = Or(A

2ε−2
stat log(A/εstat)) after substituting the choice of

δ.

By Definition I.2, since yt is distributed over {xs}ts=1 with P(yt = xs) = βt−s
1

1−β1

1−βt
1
, we have

Et∼[T ]E
[
∥∇F (x̄t)∥[λ]

]
≤ Et∼[T ]E

[
∥Eyt

∇F (yt)∥+ λEyt
∥yt − x̄t∥2

]
.
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Localization term. By the variance/localization bound of Zhang & Cutkosky (2024, Lemma 3.2),
equivalently in the form used by Ahn & Cutkosky (2024, Lemma 10),

E
T∑

t=1

Eyt
∥yt − x̄t∥2 ≤

12

δ2
E

T∑
t=1

∥zt∥2.

Since the learner is clipped, ∥zt∥ ≤ D, so

λEt∼[T ]Eyt
∥yt − x̄t∥2 = O

(
λD2

δ2

)
.

With D = Θr(δλ
−1/2ε

1/2
stat), this term is Or(εstat).

Averaged-gradient term. For each t, set

St :=

t∑
s=1

β−s
1 ∇F (xs), ut :=

{
−D St/∥St∥, St ̸= 0,

0, St = 0.

The optimized proportional-coupling part of Theorem 7.1 gives the final pointwise regret bound

E[Regret[β]t (ut)] = Or

(
DA√
δ

)
, t ≥ T0.

For the first T0 rounds we use the following crude bound inferred directly from the regret definition.
For any t < T0,

E[Regret[β]t (ut)] = E

[
t∑

s=1

βt−s
1 ⟨gs, zs − ut⟩

]
≤ 2D

t∑
s=1

βt−s
1 E∥gs∥ ≤

2DA

δ
.

Here the first inequality uses ∥zs∥ ≤ D and ∥ut∥ ≤ D, while the second uses E∥gs∥ ≤ G+σ ≤ A.
Thus

E[Regret[β]t (ut)] = O

(
DA

δ

)
, t < T0,

for the initial segment. Therefore, for T ≥ T0,

1

DT

(
β1E[Regret[β]T (uT )] + δ

T∑
t=1

E[Regret[β]t (ut)]

)
= Or

(
A

T
√
δ
+A
√
δ +

AT0

T

)
.

Lemma 7 of Ahn & Cutkosky (2024) then gives

Et∼[T ]E[∥Eyt∇F (yt)∥] = Or

(
∆

DT
+

A

δT
+

A

T
√
δ
+

AT0

T
+A
√
δ

)
.

Substituting the choices of δ and D, together with T0 = Or(A
2ε−2

stat log(A/εstat)), gives

Or

(
∆λ1/2A2

ε
5/2
statT

+
A3

ε2statT
log

A

εstat
+

A2

εstatT
+ εstat

)
.

A sufficient detailed lower bound on T is

T ≥ Ωr

(
max

{
∆λ1/2A2ε

−7/2
stat , A3ε−3

stat log
A

εstat
, A2ε−2

stat

})
.

Thus the target-accuracy term is dominated by the first displayed term, which is the εstat-dominant
condition stated in the theorem. Combining the averaged-gradient and localization bounds proves
the claim.
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J FROM VECTOR TO COORDINATE-WISE ADAM

The coordinate-wise assumptions and L1 stationarity definition below are the standard coordinate-
wise counterparts used in the vector-to-coordinate aggregation pipeline (Cutkosky et al., 2023; Ahn
& Cutkosky, 2024); we restate them to make the conversion to coordinate-wise clipped Adam ex-
plicit.
Assumption J.1 (Coordinate-wise stochastic cost vectors). For each t ∈ [T ] and coordinate i ∈ [d],
let vt[i] denote the i-th coordinate of the stochastic cost vector vt. There exist constants Gi, σi ≥ 0
such that

|E[vt[i]]| ≤ Gi, E
[
(vt[i]− E[vt[i]])2

]
≤ σ2

i .

Let G = (G1, . . . , Gd) and σ = (σ1, . . . , σd).
Assumption J.2 (Coordinate-wise function and stochastic-gradient oracle). Assume the lower-
boundedness and well-behavedness conditions in Assumption I.1. In addition, for each coordinate
i ∈ [d], there exist Gi, σi ≥ 0 such that for all x,

|∂iF (x)| ≤ Gi, E[g[i]] = ∂iF (x), E[(g[i]− ∂iF (x))2] ≤ σ2
i .

Let G = (G1, . . . , Gd) and σ = (σ1, . . . , σd).
Definition J.3 ((λ, ε)-L1 stationarity). For λ > 0, define

∥∇F (x)∥[λ]1 := inf
p∈P(Rd)

Ey∼p[y]=x

{
∥Ey∼p[∇F (y)]∥1 + λEy∼p[∥y − x∥2]

}
.

We say that x is a (λ, ε)-L1 stationary point if ∥∇F (x)∥[λ]1 ≤ ε.
Corollary J.4 (Coordinate-wise clipped Adam: coordinate-wise regret and L1 stationarity). Let
δ := 1−β1 and A1 := ∥G+σ+ ϵ1∥1. Under Assumption J.1, proportional coupling β2 = 1− rδ,
and the optimized step size from Theorem 7.1, the coordinate-wise clipped learner satisfies, for
T ≥ max(T0, T1) and any comparator sequence ut ∈ [−D,D]d,

E[Regret[β]T (uT )] ≤ Or

(
DA1√

δ

)
,

T∑
t=1

E[Regret[β]t (ut)] ≤ Or

(
TDA1√

δ

)
.

Moreover, under Assumption J.2, for any λ > 0 and εstat ∈ (0, A1], suitable choices of β1, β2, D, η

ensure that, for T = Ωr

(
∆d1/2λ1/2A2

1ε
−7/2
stat

)
, we have Et∼[T ]E

[
∥∇F (x̄t)∥[λ]1

]
≤ O(εstat).

Proof of Corollary 7.3. Let δ := 1 − β1 and A1 := ∥G + σ + ϵ1∥1 = ∥G + σ∥1 + dϵ. For
the regret statement, fix a coordinate i. The coordinate-wise clipped bias-corrected update is the
one-dimensional learner

zt[i] = clipD

(
−αt[i]

t−1∑
s=1

β−s
1 vs[i]

)
,

where clipD(a) = sign(a)min(D, |a|) with clipD(0) = 0, and

αt[i] := η
(1− β1)β

t−1
1

(1− βt−1
1 )(

√
bt[i] + ϵ)

, bt[i] :=
1− β2

1− βt−1
2

t−1∑
s=1

βt−1−s
2 vs[i]

2.

With α1[i] := α2[i], this is exactly the one-dimensional version of Theorem 7.1, with scalar cost
sequence vt[i], radius D, and constants Gi, σi. Thus the optimized proportional-coupling form of
Theorem 7.1 gives

E[Regret[β]t,i (ut[i])] = Or

(
D(Gi + σi + ϵ)√

δ

)
pointwise for t ≥ T0, and the corresponding cumulative bound with an additional factor of T for
T ≥ max(T0, T1). The coordinate-wise regret decomposes as

Regret
[β]
t (ut) =

d∑
i=1

Regret
[β]
t,i (ut[i]),
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because the linear loss and the update are separable across coordinates. Summing the scalar point-
wise and cumulative bounds over i = 1, . . . , d proves the displayed coordinate-wise regret bounds
because

∑d
i=1(Gi + σi + ϵ) = A1.

For the stationarity statement, apply the proof of Theorem 7.2 verbatim after the following replace-
ments: use the L1 DTNC conversion of Ahn & Cutkosky (2024, Lemma 17), replace A by A1, use
the coordinate-wise comparator from that lemma, and replace the localization bound ∥zt∥2 ≤ D2

by ∥zt∥2 ≤ dD2. The regret input is exactly the coordinate-wise bound proved above, together with
the same crude pre-T0 estimate, now with A1 in place of A. Thus the argument of Theorem 7.2
gives

Et∼[T ]E
[
∥∇F (x̄t)∥[λ]1

]
≤ Or

(
∆

DT
+

A1

δT
+

A1

T
√
δ
+

A1T0

T
+A1

√
δ +

λdD2

δ2

)
.

Choose

δ = Θr

(
ε2stat
A2

1

)
, β2 = 1− rδ, D = Θr

(
δd−1/2λ−1/2ε

1/2
stat

)
,

and choose η as in the optimized proportional-coupling part of Theorem 7.1. As in Theorem 7.2,
this gives O(εstat) whenever

T ≥ Ωr

(
max

{
∆d1/2λ1/2A2

1ε
−7/2
stat , A3

1ε
−3
stat log

A1

εstat
, A2

1ε
−2
stat

})
,

where εstat ≤ A1 ensures δ ∈ (0, 1). The first term is the εstat-dominant condition stated in the
corollary.
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